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Various entanglement measures do not give the same or-
dering for all quantum states in general [S. Virmani and M.
B. Plenio, Phys. Lett. A, 268, 31 (2000)]. That is, some two
density operator’s ordering in entanglement-degree depends
on entanglement measures, which appears to be odd. How-
ever, we observe that any mixed states corresponding to such
pair of density operators can not be transformed, with unit
efficiency, to each other by any local operations. We discuss
this fact in analogy with the relativity of temperal order in
the special theory of relativity.
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It is quantum entangled states that led to the contro-
versy over Einstein-Podolsky-Rosen experiment [1] and
later to Bell’s inequality [2] that explicitly revealed non-
local nature of quantum mechanics. On the other hand,
entanglement is the key ingredient in quantum informa-
tion processing: for example, the speedup in quantum
computation [3] is obtained through the parallel quan-
tum operations on massively superposed states which,
we expect, are entangled in general.
For better understanding and manipulation of entan-
gled states, we need to classify all quantum states as
well as possible. Thus some authors have proposed
a few entanglement measures that quantify entangle-
ment of quantum states; Horodecki’s proposed negative-
eigenvalue-measure of entanglement EN [4]- [6].1 Ben-
nett et al. invented three entanglement measures, that
is, entanglement of formation EF 2 and entanglement of
distillation with one (two) way classical communications
ED1 (ED2 ) [7]. Vederal et al. proposed relative entropy
of entanglement ER [8]. Vederal and Plenio also consid-
ered an entanglement measure induced by Bures metric
EB and other numerous candidates [9]. All of these are
reasonable ones in the sense that they satisfy the follow-
ing three conditions [9].
(1) E(ρ) = 0 i ρ is separable.
(2) Local unitary operations leave E(ρ) invariant.
(3) The expected entanglement-degree cannot increase
1This measure can be defined in only two-dimensional bipar-
tite systems to which we confine our discussion for simplicity.
2sometimes called as entanglement of creation
under any combination of local quantum operations
(LQ), classical communication (CC), and post-selection
(PS).
EN , EF , and ER, EB are shown to satisfy the condi-
tions in Refs. [6], [7], and Ref. [9], respectively. It is easy
to see that ED’s satisfy them from its denitions. All
reasonable measures give rise to the same ordering for
pure states, as we show later. So they can be re-scaled
to become an identical one for pure states. However, the
status of our knowledge about entanglement measures for
mixed states is sometimes said to be still entangled; there
is no unique one [10,9,7]. In this paper, we discuss the
non-uniqueness (or relativity) of entanglement measures
in analogy with the relativity of temporal order in the
special theory of relativity [11]; temporal order of certain
two events can be reversed depending on observer’s refer-
ence frames. However, this fact does not give rise to con-
tradictions because the two events cannot be time-likely
connected. This is analogous to the following fact. Order
of certain two mixed state’s entanglement-degrees can be
reversed depending on entanglement measures. However,
this fact does not give rise to contradictions because the
two mixed states cannot be transformed, with unit e-
ciency, to each other by any local operations, as we will
see later. There might be no unique entanglement mea-
sure as if there is no preferred reference frame. Then we
might as well search for methods that utilize multiplicity
of reasonable entanglement measures rather than seek a
unique one.
Certain two entanglement measures EA and EB are
dened to have the same ordering if they satisfy the fol-
lowing condition for any density operator ρi and ρj .
EA(ρi) > EA(ρj) , EB(ρi) > EB(ρj) (0.1)
Let us show that all reasonable measures (that is, satis-
fying the three conditions) give rise to the same ordering
for pure states: let us assume that there exist two pure
states ρ1 = jψ1ihψ1j and ρ2 = jψ2ihψ2j that do not have
the same ordering for certain two reasonable entangle-
ment measures EA and EB. Then by denition we have
either
EA(ρ1) > EA(ρ2) and EB(ρ1) < EB(ρ2), (0.2)
or
EA(ρ1) < EA(ρ2) and EB(ρ1) > EB(ρ2). (0.3)
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A quantum state with density operator ρi cannot be
made, with unit eciency, become one with ρj by any
local operations, if entanglement-degree of ρi is less than
ρj in any one of reasonable entanglement measures. Thus
by Eqs. (0.2) and (0.3), ρ1 cannot be transformed, with
unit eciency, into ρ2 by any local operations and vice
versa. However, this contradicts with the fact that pure
state entanglement can be diluted with unit eciency
[12,7]. Q.E.D.
It is now easy to re-scale all entanglement measures to
become an identical one for all pure states, since or-
dering of them are the same. In fact, the four en-
tanglement measures EF , ED’s, and ER give the same
value h(α2) = −[α2 log2 α2 + (1 − α2) log2(1 − α2)] of
entanglement-degree for a general pure entangled state
jψi = αj00i+βj11i, where α and β are two real numbers
satisfying α2 + β2 = 1. However, for examples, negative-
eigenvalue-measure and measure induced by Bures metric
do not give the same value as those: EN (jψihψj) = 2αβ
and EB(jψihψj) = (EN )2 [9]. We can make both reduce
to the unique one for pure states by the following trans-
formations.
~EN = h[(1/2)(1 +
√
1− (EN )2)]
and ~EB = h[(1/2)(1 +
√
1− EB)]. (0.4)
Recently Virmani and Plenio showed that if certain
two entanglement measures, being identical for pure
states, give dierent entanglement-degrees for some
mixed states, ordering of the two measures must be dif-
ferent [10]: entanglement-degrees of pure states are con-
tinuously distributed between zero and one. Thus if or-
dering is given, entanglement-degrees of pure states de-
termine those of mixed states. However, it has become
clear that the various entanglement measures do not give
the same entanglement-degree in general. For examples,
existence of bound entangled state [13] and inevitable
losses [9] in purication processes make EF greater than
ED’s. EF and EN have analytically closed forms [14,5]
and thus it was explicitly shown that they give dierent
entanglement-degree (and ordering in some cases) in gen-
eral by computer calculation [5]. Therefore, we are led to
a conclusion that various entanglement measures do not
give the same ordering in general [10].
However, we note that although the conclusion appears
to be odd, it does not give rise to bare contradictions:
let us consider two mixed states with density operators
ρa and ρb, respectively. The fact that ordering is re-
versed depending on entanglement measures implies that
entanglement-degree of ρa is less than that of ρb in one
of the two measures and vice versa. That is, an equation
similar to Eqs. (0.2) and (0.3) is satised in this case, too.
Thus, ρa cannot be transformed, with unit eciency, into
ρb by any local operations and vice versa. (It is true that
with eciency less than one the forbidden paths can be
followed by local operations. However, it is worthwhile
to know which paths are permitted by local operations
with only unit eciency.) So there is no contradiction.
Now it is interesting to note that this fact is in analogy
with the following one in the relativity theory. Temporal
order of certain two events depends on observer’s refer-
ence frames [11]. Although it appears to be odd, this
fact does not give rise to contradictions because the two
events cannot be time-likely connected. Then let us con-
sider a map where each density operator is coordinated
by entanglement-degrees of various measures, for exam-
ple, EF and ~EN . (This is similar to Figs. 2 and 3 in
Ref. [5].) We can easily see that a point in the map can-
not be moved by any local unitary operations due to the
condition (2). Thus a class of mixed states which are
equivalent within local unitary operation corresponds to
a point in the map. It does not seem that the converse
is true in general. However, the larger number of reason-
able entanglement measures we adopt, the more rened
become the coordination of density operators. By apply-
ing general local quantum operations, a point can flow
down through a trajectory that always points to lower-
left direction from a point in the map, as if each observer
goes through a path in space-time that always points to
somewhere within light-cone from a point. Here a class of
density operators corresponding to a point and the tra-
jectory in the map are respectively in analogy with an
event and an observer’s path in space-time. This anal-
ogy might suggest that there is no unique entanglement
measure as if there is no preferred reference frame. If
so, we might as well make use of the multiplicity of en-
tanglement measures as we did in coordinating density
operators. Another possibility is that density operators
have a multi-dimensional structure that are revealed as
various facets depending on measures.
Here we showed that all reasonable entanglement mea-
sures give rise to the same ordering for pure states. Thus
they can be made identical for pure states. Recently Vir-
mani and Plenio have shown that if certain two entangle-
ment measures which are identical for pure states, give
dierent values of entanglement-degree for some mixed
states, ordering of the two measures must be dierent.
However, it has become clear that the various entan-
glement measures do not give the same value in gen-
eral. Therefore some two density operator’s ordering in
entanglement-degree depends on entanglement measures,
which appears to be odd. However, any mixed states cor-
responding to such pair of density operators can not be
transformed to each other, with unit eciency, by any
local operations. We discussed this fact in analogy with
the relativity of temporal order in the special theory of
relativity.
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